Abstract-A discontinuous Galerkin time-domain (DGTD) method analyzing signal/power integrity on multilayered powerground parallel plate pairs is proposed. The excitation is realized by introducing wave ports on the antipads where electric/magnetic current sources are represented in terms of the eigenmodes of the antipads. Since closed-forms solutions do not exist for the eigenmodes of the arbitrarily shaped antipads, they have to be calculated using numerical schemes. Spatial orthogonality of the eigenmodes permits determination of each mode's temporal expansion coefficient by integrating the product of the electric field and the mode over the wave port. The temporal mode coefficients are then Fourier transformed to accurately calculate the S-parameters corresponding to different modes. Additionally, to generalize the DGTD to manipulate dispersive media, the auxiliary differential equation method is employed. This is done by introducing a time-dependent polarization volume current as an auxiliary unknown and the constitutive relation between this current and the electric field as an auxiliary equation. Consequently, computationally expensive temporal convolution is avoided. Various numerical examples, which demonstrate the applicability, robustness, and accuracy of the proposed method, are presented.
I. INTRODUCTION
V IAS are popularly employed in multilayered printed circuit boards, chips, and 3-D packages for routing the propagation of digital signals between different layers. As the ever-increasing of the clock frequencies, unintentional radiation arises when the high-speed currents flowing through the via barrels. Strong electromagnetic couplings between neighboring results in via-plate mode conversions and leads the propagations of high-order modes between the adjacent power-ground planes, thus leading to serious signal/power integrity issues such as the ring effect, ground bounce, voltage fluctuation, and signal distortion, etc. Additionally, the parasitic propagating modes could excite high-order resonant modes between the plate pairs, thereby resulting in strong edge radiation-related electromagnetic interference concerns. To ensure the first-time system design success, all these problems have to be fully considered.
With these aims, a large number of methods, which are capable of modeling electromagnetic interactions on via-connected systems, have been proposed over the past years. First group of these methods makes use of equivalent circuits for approximating field interactions on via plate pairs. Two such equivalent circuit models have been developed. First one of those is the physical-intuition equivalent circuit model [11] , [12] . This π-circuit contains two shunt capacitances (coaxial and barrel-plate capacitances) and a plate-pair impedance [12] . Another is the intrinsic-based circuit model [13] , [14] . Compared with the physical-based model, the intrinsic circuit model is derived based on the rigorous boundary condition and the high-order modes coupling among closely spaced vias are considered. Thus, the intrinsic circuit model can be considered as the improvement of the physical-based circuit model. In both models, the input impedance and the S-parameters can be efficiently calculated based upon the cascaded equivalent circuits.
The second group includes the full-wave modeling scheme. In [1] - [4] , a general multiple scattering method based on the Foldy-Lax scattering equation and mode expansion of Green's function are proposed to handle plate pairs with massively coupled vias. Initially, only traditional via structure is considered, i.e., the antipad is supposed to be circular and the via is concentrically located at the center of the antipad [1] - [3] . For this kind of via, the closed-form expression of the TEM mode used for the excitation can be analytically derived. On the other hand, however, the TEM mode must be computed via numerical methods for situations where antipads are in irregular shapes or multiple vias share a same antipad. In [5] - [7] , the finite-difference method is applied to get the numerical modes. Due to the involvement of the surface integration between the surface current and the Green's function, interpolation is required at the quadrature points, thus numerical error will be introduced. To overcome this drawback, a treatment is proposed in [8] by replacing the 2-D surface integration with the 1-D line integrals of the product between the Green's function and the charges.
Recently, a hybrid finite-element method (FEM) was proposed to investigate multilayered ground-power plate pairs [15] . Based on the assumption that the fields in the proximity of the vias contain higher order modes, while only TEM mode exists in the plate-pairs region, the traditional 3-D FEM is able to be transformed to a hybrid 2-D and 3-D FEM by solving the second-order magnetic vector wave equation with triangular prism elements. The precondition of the accuracy of this method is that the separation between plate pairs must be very small, otherwise it fails due to the presence of high-order modes in the plate-pair region. Furthermore, the efficiency of this approach will degrade significantly for plate pairs with densely coupled via groups.
This study follows the full-wave modeling and develops a discontinuous Galerkin time-domain method [16] - [19] for analyzing transient field interactions on multilayer power-ground plate pairs. As the combination of the finite-volume method (FVM) [20] and FEM [21] , discontinuous Galerkin time domain (DGTD) can be regarded as an element-level domain decomposition FEM. Like FVM, the solutions are allowed to be discontinuous at the interface and the information exchange between neighboring elements is facilitated through the numerical flux for. Thereby, all operations of DGTD are local, and then, the established mass matrices are block diagonal. Combined with the explicit time-marching scheme, DGTD is capable of achieving very good efficiency. Similar to the FEM, high-order hierarchical basis functions can be utilized to approximate the solution in a local manner. More importantly, being discontinuous, DGTD is more flexible to choose the order and type of basis functions in different elements. Compared with the FEM, thus, DGTD is more preferable for either electrically large or multiscale problems in which the number of unknowns are very huge and strongly inhomogeneous meshes are required.
The DGTD proposed in this study uses wave port excitation defined over an antipad, where the electric/magnetic current sources are represented in terms of eigenmodes of the antipad. This approach allows for only the selected modes to be employed as excitation, which makes it easier to study the coupling and conversion between different modes, etc. Oftentimes, the antipads are in an irregular shape or have many via barrels. In such situations, the eigenmodes cannot be calculated using closed-form expressions; one has to use numerical techniques. By leveraging the orthogonal property of different eigenmodes, the incident, transmitted, and reflected mode expansion coefficients in the time domain can be accurately extracted. Then, the S-parameters are able to be obtained based on the precalculated mode coefficients.
For an accurate characterization of signal/power integrity, the dispersive permittivity of dielectric layers should be accounted for in the full-wave simulation. Dispersion has a rather big affect on the signal propagation through amplitude decay and group delay [22] , [23] . In this study, the permittivity of the dielectric slab is supposed to be described by the Debye model (due to the polarization or susceptibility effects), which provides a constitutive relation between the polarization volume current and the electric field in the form of a first-order partial differential equation (PDE). This approach, which is termed as the auxiliary differential equation (ADE) method, avoids computationally expensive convolution in the time domain.
The remainder of this paper is organized as follows. In Section II, first, the details of the wave port implementation, which includes the extraction of the mode expansion coefficients, and the calculation of S-parameters is first presented, then the derivation of the ADE for the Debye media and the formulation of DGTD matrix equations are given. In Section III, representative numerical examples are provided to validate the proposed algorithm. Finally, conclusions and discussions are made at the end of this paper.
II. THEORY AND MATHEMATICAL FORMULATION

A. Wave Port Excitation and S-parameter Extraction
With the aim to implement the wave port into DGTD, the electric or the magnetic surface current used for excitation is expanded by the eigenmodes of the antipad in this study. For traditional circularly concentric vias, the analytical expressions of the eigenmodes supported by the antipad are available, thus the enforcement of wave port excitation is easy and straightforward. As the development of packaging techniques, the shape of the antipad revolves from circular to rectangular or elliptic, etc. Simultaneously, a group of closely spaced vias could share a same antipad, e.g., the popularly employed differential via pairs have two or more via barrels in the same antipad. For such circumstance, the closed-form formulas of the eigenmodes are not known, thus which must be obtained through numerical approaches.
Consider the plate pair shown in Fig. 1 . In this setup, there are three typical via configurations: 1) Via I: Traditional via with a circular antipad; 2) Via II: Normal via located in the center of a rectangular antipad; and 3) Via III: Differential via pairs placed in an elliptic antipad. For the via I, the analytical solution of the eigenmodes are well known. On the other side, the eigenmodes must be obtained via numerical approaches for vias II and III.
At the wave port P i (i = 1, . . . , 4), the tangential components of the electric and magnetic fields can be approximated by the summation of the eigenmodes. Namely
where e n and h n denote the electric and the magnetic eigenmodes, respectively, and a n and b n are the corresponding mode expansion coefficients.
1) Magnetic Current Excitation Only:
To apply the magnetic current excitation over the wave port (or the antipad), the electric eigenmodes should be calculated, then the required magnetic current source can be obtain as M s = −ξ × E t witĥ ξ denoting the unit normal vector pointing into the wave port (ξ = −ẑ for port P 2 and P 4 ,ξ =ẑ for port P 1 and P 3 in Fig. 1 ). Then, we further expand the incident electric field at the two sides of the wave port generated by the magnetic current source by the electric eigenmodes
In light of the null of the electric current J s , thus the tangential continuity of the incident magnetic field at the wave port is valid, i.e.,ξ × (H inc I − H inc II ) = 0. Based on this boundary condition, we can obtain the relations between the mode expansion coefficients at the two sides of the wave port. Namelỹ
By substituting (5) into (3) and (4), we can obtain the mode coefficients of the incident electric field for a given magnetic current excitation M s . It is expressed as
By further resorting to the orthogonal property of the different eigenmodes, the mode expansion coefficients for the incident electric field can be calculated bỹ
In this study, the applied magnetic current source M s is derived from (1) by M s = E t ×ξ, we can straightforwardly obtain the mode expansion coefficients for the incident electric field asã
To extract the S-parameters, we assume that the excitation M s is applied at port j and the field acquired from DGTD analysis at port i is E i , thus the expansion coefficient corresponding to mode n is given by
With (7) and (8), the S-parameters for mode n can be conveniently evaluated by
2) Electric Current Excitation Only: Besides magnetic current excitation, electric current J s =ξ × H t can be applied as the wave port excitation as well. The generated incident magnetic field at the two sides of the port can be represented by the magnetic eigenmodes
Because of the lack of magnetic current, the boundary condi-
Then, we can get the relation between the mode coefficients at two sides of the wave port. Namely
Interestingly, a similar result as the magnetic current excitation case is reached [see (5)]. For a given electric current source J s , we have the following relation:
By substituting (10) and (11) into (13) and with the relation in (12), we can obtain the mode coefficients of the incident wave asb
Similarly, if the magnetic eigenmodes in (2) is employed to approximate the electric current excitation J s =ξ × H t , we can straightforwardly obtain the mode coefficients for the incident waveb
To extract the mode expansion coefficients at the wave ports, we assume that the electric current excitation is enforced at port j and the total magnetic field at port i is H i , then the expansion coefficient for mode n is given by
With (14) and (15), the S-parameters for mode n related to port j and i can be conveniently evaluated by
On the basis of the aforementioned discussions, it is noted that the S-parameter extraction algorithm for either magnetic or electric current excitation has almost same procedure. In this study, the magnetic current is adopted as the wave port excitation. Rigorously, the excitation should include all eigenmodes supported by the antipad to get exactly accurate result. However, only the fundamental mode is considered in this study since the high-order modes attenuate exponentially, i.e., in (1) , only the mode expansion coefficient a TEM 0 is nonzero, while a TE n and a TM n are zero.
B. DGTD Formulation
For realistic problems, the dielectric slab (such as popularly used FR-4, Rogers-5880, Glass, Silicon, Silicon dioxide) between the adjacent power-ground plates are dispersive. The permittivity is assumed to be described by a Debye model in this study, namely = 0 [ ∞ + χ(ω)] with χ denoting the susceptibility defined as
where Q denotes the total number of poles and Δ q and τ q represent the permittivity variation and relaxation time of the qth pole, respectively. To incorporate the Debye media into DGTD analysis, an auxiliary polarization current J q for the qth pole is introduced. The definition of J q in the frequency domain is given as
By inverse Fourier transform, the time-domain counterpart of (18) can be formulated as
With the ADE method, the dispersion effect is equivalently described by a polarized current vector J = [J 1 , · · · , J Q ], and the convolution in the time domain is avoided. The ADE method can be readily generalized to model Drude and Lorentz media although this study only consider the Debye case.
To analyze the multilayered power-ground plate pairs by DGTD, we first split the computational domain of interest Ω with boundary ∂Ω into nonoverlapping mesh cells Ω i bound by ∂Ω i . In each element, the unknowns E i , H i , and J i q are approximated by vector basis functions:
h , and n i J,q representing the number of basis functions in element i. By conducting the Galerkin testing over the two first-order time-derivative Maxwell's equations plus the PDE in (19), we can obtain Since all implementations of boundary conditions in DGTD are facilitated via flux reformation, thereby the tangential discontinuity of the electric fields at the two sides of the wave port due to the presence of the magnetic surface current must be considered. Based on the Rankine Hugoniot jump relations, a general expression of the numerical flux can be obtained as [18] (24) where Z i/j = μ i/j / i/j and Y i/j = 1/Z i/j denote the characteristic impedance and admittance, respectively. β = 1 if the face f is over the wave port, otherwise β = 0.
Substituting (23) and (24) into (20) and (21), we can reach two semidiscrete time-domain matrix equations
where the elements of the aforementioned matrices are given as
In light of the layered property of the power-ground plate pairs, in this study, triangular prism elements are employed as the basic mesh cells. The finalized 3-D triangular prism elements are obtained by extending the 2-D triangles along the growing direction of the plate pairs. As shown in Fig. 2 , each triangular prism has nine edges and each edge is attached one vector basis function defined as [25] , [26] 
where L i denote the nodal basis function at node i with i = 1, . . . , 6 and ζ varies from 0 to 1 along the height of the prism. In this paper, the aforementioned vector basis functions are used to approximate the unknowns E, H, and J q , i.e., n i e = 9, n i h = 9, and n i J,q = 9. The dimension of the matrix equations in (25)-(27) is 9 by 9. It is noted that the volume basis functions N i , i = 7, . . . , 9 is orthogonal to the surface basis functions N i , i = 1, . . . , 6. As a result, the matrix equations can be further decomposed into two small ones with dimension equal to 6 by 6 and 3 by 3, respectively.
To solve the established semidiscrete matrix equations in (25) and (26) , the fourth-order Runge-Kutta method is employed. For explicit time-marching scheme, the Courant-FriedrichsLewy (CFL) condition must be satisfied in order to ensure stability. In the work, the smallest time-step size of the DGTD is determined in terms of the following condition [19] , [24] :
where c 0 is the free-space light speed and p is the order of basis function.
III. NUMERICAL RESULTS
In this Section, various representative benchmarks are presented to validate and verify the accuracy and robustness of the proposed algorithm. For all numerical examples, we assume that the Debye model has only one pole, i.e., Q = 1. Furthermore, the utilized magnetic surface current source consists of only the fundamental mode (or the TEM mode) due to the reason mentioned before that high-order modes attenuate so fast that the influence on the accuracy of the results is negligible. Finally, the amplitude of the magnetic current excitation a TEM 0 is a sinusoidally modulated Gaussian pulse defined as
where t 0 denotes the reference temporal and spatial points, t m is the spectral bandwidth related parameter, and f m is the frequency of modulated signal.
A. Rectangular Plate Pair With a Traditional Via
In the first example, a single-layer rectangular plate pair is studied. As shown in Fig. 3 , the power-ground plate pair has one conventional via located in the center of a circular antipad and two other shorting vias. For this circular antipad, the eigenmodes of the antipad can be obtained either analytically or numerically. In this study, the eigenmodes are numerically evaluated through solving the Laplace equation to find the potential Φ(r, φ) distribution. Then, the electric eigenmodes required by the magnetic surface current M s is obtained by the differential operation.
First, we assume that the plate pair is filled up with the nondispersive media with relative permittivity ∞ = 2.2, and the parameters of the Gaussian pulse in (30) are given as τ m = 1.27 × 10 −11 s and t 0 = 10t m . After obtaining the electric field at the wave ports of interests by DGTD, the temporal-mode coefficients are extracted via (7), then the S-parameters can be calculated according to (9) as shown in Fig. 4 . To verify the accuracy of the proposed algorithm, the reference results simulated by high-frequency structural simulator (HFSS) are also given. As can be seen, very good agreements are achieved.
Next, the Debye-like dispersive media is considered by letting ∞ = 2.2, Δ 1 = 2.0, and τ 1 = 2.5 × 10 −10 . Via a similar procedure, the S-parameters are computed based on (9) and shown in Fig. 5 . For comparison, the results from the HFSS are shown. Again, very good consistency is observed. 
B. Irregular Parallel Plate Pair With a Rectangular Antipad Embraced Via
To verify the applicability of the proposed algorithm to handle irregular antipad in an arbitrarily shaped plate pair, in the second example, an irregular power-ground plate pair having a via with a rectangular antipad and many shorting vias is investigated, as shown in Fig. 6 . For this example, the eigenmodes supported by the wave port can only be obtained through numerical approach due to the irregular geometry of the antipad. In order to find the fundamental mode, the potential distribution is first calculated by solving the Laplace equation, and then, fundamental electric eigenfield used for magnetic surface current can be derived by the differentiation of the potential over the spatial coordinates.
After having the excitation, we first investigate the plate pair filled up with the nondispersive media by letting ∞ = 2.2, Δ 1 = 0, and τ 1 = 0. The parameters of the Gaussian pulse are defined as t m = 1.06 × 10 −11 s, t 0 = 1.59 × 10 −10 s, and f m = 30 GHz. In Fig. 7 , the reflected-and transmitted-mode coefficients are provided. And, the extracted S-parameters are shown in Fig. 8 . For comparison, the simulated results by the HFSS is also given. Obviously, good consistency is reached. For Table I . Fig. 7 . Plot of the reflected and transmitted mode coefficients for plate pair in Fig. 6 filled with the nondispersive media.
this example, the CPU time for 400 000 steps is around 58 min, and the memory cost is about 50 M. Next, the proposed algorithm is applied to study the dispersive media case with parameters of dielectric given as: ∞ = 2.2, Δ 1 = 1.0, and τ 1 = 8.0 × 10 −11 . For excitation, the same Gaussian signal is employed. In Figs. 9 and 10, the obtained mode coefficients and the S-parameters are shown. Again, the results by HFSS simulation are provided for verification. Good agreements are noted as well. Compared with the nondispersive case, the resonance strength for the Debye media is weakened due to the dielectric loss. This can be further verified according to the recorded mode coefficients in Figs. 7 and 9 , where the signal for the Debye media degrades more fast. In Fig. 11 , the z-component of the electric field at t = 0.177 ns are plotted.
C. Irregular Parallel Plate Pair With Differential Vias in A Rectangular Antipad
As for this example, an irregular plate pair including three differential via pairs with rectangular antipads is benchmarked. For this example, two situations are considered. First, we assume that the plate pair has only one layer. Second, a multilayered plate pair is supposed. For both situations, the magnetic current excitations required electric eigenfields for both common mode and differential mode are numerically calculated in advance. For the common-mode case, the potential distribution over the rectangular antipad is calculated by solving the Laplace equation governed by the common-mode pertinent boundary condition (φ via 1 = φ via 2 = φ 0 ). For the differential-mode case, we can obtain the potential distribution over the antipad by solving the Laplace equation but governed by the differential-mode pertinent boundary condition (φ via 1 = φ 0 and φ via 2 = −φ 0 ). In Figs. 13 and 14 , the obtained potential distribution and the magnetic current for the common mode and differential mode are presented. As expected, the obtained results agree with the theories. In the following studies, the parameter of the Gaussian pulse are defined as: t 0 = 1.59 × 10 −10 s, t m = 1.06 × 10 −11 s, and f m = 30 GHz.
First, the nondispersive single-layer plate pair is studied. The separation distance between the top and bottom plates is h = 0.254 mm and the permittivity of the media is given as ∞ = 2.2, Δ 1 = 0, and τ 1 = 0. In Fig. 15 , the calculated common-mode S-parameters corresponding to the port pair 3 and 4 are presented. And the calculated differential-mode S-parameters of port pair 1 and 2 are shown in Fig. 16 . For comparison, the results from the HFSS are also provided. As can be seen, very good agreements are reached. Compared with common mode, the differential mode has better matching condition so that almost of the energy is transmitted to the load port. To have a better intuition over the 3-D field distribution, the transient electric field at t = 0.173 ns are shown in Fig. 17 . For this simulation, the CPU time for 300 000 steps is around 67 min, and the memory cost is about 110 M.
Next, the proposed algorithm is extended to investigate a four-layer power-ground plate pair. In each layer, the separation distance between the top and bottom plates are same as h i = 0.254 mm, i = 1, . . . , 4. In the beginning, the nondispersive case is benchmarked. In Figs. 18 and 19 , the common-mode S-parameters for port-pairs 1 and 2, 5 and 6 are shown. In Fig. 20 , the differential-mode S-parameters for port-pair 3 and 4 are provided. To validate the accuracy of the proposed algorithm, the results from HFSS simulation are given. It is noted that good agreements are achieved. Finally, we suppose that the four-layered plate pairs are filled up with same Debye media. Then, the proposed algorithm is applied to extract the mode coefficients and later the S-parameters. In Figs. 21 and 22 , the extracted common-mode S-parameters for port pairs 1-3 and 5 are provided. Simultaneously, the differential-mode Sparameters are also given in Figs. 23 and 24 . It is observed that our numerical results agree very well with the ones calculated by the HFSS, which further verify the accuracy of the algorithm for multilayered structures. In Fig. 25 , the z-component of the transient electric field with a common-and differential-mode excitation applied over port 3 at t = 0.17 at 0.18 ns are presented. For this simulation, the CPU time for 200 000 steps is around 3.45 h, and the memory cost is about 190 M.
IV. CONCLUSION
A DGTD scheme for analyzing transient electromagnetic field interactions on multilayer power-ground plated pairs is described. In general, compared with FDTD, DGTD has the capabilities to support various types and shapes of mesh elements, thus it is capable of modeling irregular geometries. Simultaneously, it is able to achieve high-order accuracy. Compared with the FEM, the solutions across the interfaces among neighboring elements are allowed to discontinuous. Thus, DGTD enjoys the freedom to choose the type and the order of basis functions. Like the FVM, all operations of DGTD are local, and thus, the whole computational system can be solved at element level. The proposed scheme uses the ADE method to take into account the dispersive permittivity of the dielectric layers. This avoids the computationally expensive temporal convolution. Additionally, a method to implement the wave port excitation, which is required by the DGTD over the antipad, is developed. This approach expands the surface current sources using the eigenmodes of the antipad. Fourier transform of these modes timedependent coefficients are then used to find the corresponding S-parameters. The proposed algorithm is verified by several representative examples. The numerical results agree very well with the references by the HFSS. 
